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Theory of Muon g − 2

Daisuke Nomura
(KEK, JSPS Research Fellow)

I. Introduction/Overview

II. Standard Model contributions

– hadronic contributions

III. SUSY contributions

IV. Summary

Partly based on K. Hagiwara, A.D. Martin, DN and T. Teubner (HMNT),

Phys. Lett. B557 (2003) 69; Phys. Rev. D69 (2004) 093003;
Phys. Lett. B649 (2007) 173.
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Muon g − 2 — Introduction

Lepton magnetic moment ~µ:

~µ = −g e

2m
~s , (~s =

1
2
~σ (spin), g = 2 + 2F2(0))

where

u(p+ q)Γµu(p) = u(p+ q)
(
γµF1(q2) +

iσµνqν
2m

F2(q2)
)
u(p)

Anomalous magnetic moment: a ≡ (g − 2)/2 (= F2(0))

Historically,
F g = 2 (tree level, Dirac)
F a = α/(2π) (1-loop QED, Schwinger)

Today, still important, since...
F One of the most precisely measured quantities

aexp
µ = 11 659 208.0(6.3)× 10−10 [0.5ppm] (Bennett et al)

F Extremely useful in probing/constraining physics beyond the SM
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Recent Ups and Downs of Muon g − 2
EXP − TH

Feb ’01 new exp. result (BNL) 2.6 σ
Nov ’01 The ’famous’ l-by-l sign error found 2.6 σ → 1.6 σ

(Knecht & Nyffeler)
Dec ’01 new e+e− → π+π− data (CMD-2)
July ’02 new exp. result (BNL) 1.6 σ → 2.6 σ
Aug ’02 — new eval. of the LO had. contribution 2.6 σ → 3.0 σ (DEHZ, e+e−)

using the new CMD-2 data 3.3 σ (HMNT, e+e−)
(DEHZ, HMNT, Jegerlehner) (0.9 σ) (DEHZ, τ)

Aug ’03 error found in the CMD-2 data analysis 3.3 σ → 2.4 σ
Dec ’03 new eval. of the l-by-l contribution 2.4 σ → 2.0 σ

(Melnikov & Vainshtein)
Jan ’04 new exp result (BNL) 2.0 σ → 2.9 σ
Feb ’04 improved QED calculation (Kinoshita & Nio) 2.9 σ → 2.7 σ
July ’04 new Fπ data from KLOE
June ’05 new e+e− → π+π− data from SND
Feb ’06 final report from BNL exp. (Bennett et al)
May ’06 error found in the SND analysis
Oct ’06 new e+e− → π+π− data from CMD-2
Nov ’06 — updated analysis of the LO had contrib. 3.4 σ (HMNT)
Nov ’07 possible solution to e+e− vs τ puzzle (Benayoun et al)
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Standard Model Prediction for Muon g − 2

QED contribution 11 658 471.809 (0.016) ×10−10 Kinoshita & Nio

EW contrib. 15.4 (0.2) ×10−10 Czarnecki et al

Hadronic contrib.

LO hadronic 689.4 (4.5) ×10−10 HMNT

NLO hadronic −9.8 (0.1) ×10−10 HMNT

light-by-light 13.6 (2.5) ×10−10 Melnikov & Vainshtein

Theory TOTAL 11 659 180.4 (5.1) ×10−10

Experiment 11 659 208.0 (6.3) ×10−10 world avg (Bennett et al (2006))

Exp − Theory 27.6 (8.1) ×10−10 3.4 σ discrepancy

n.b.: hadronic contributions:
. .

. .

had.

LO

µ

had.

NLO

µ
γ

had.

l-by-l

µ
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Passera, talk at Tau06

Aoyama-Hayakawa-Kinoshita-Nio, . . .
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Passera, talk at Tau06
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Hadronic contributions

ahad
µ = ahad, LO

µ + ahad, NLO
µ + al-by-l

µ

. .

. .

had.

LO

µ

had.

NLO

µ
γ

had.

l-by-l

µ

LO and NLO: calculable from exp. data

l-by-l: NOT calculable from exp. data, have to rely on model to some extent
(model on pion form factor, large Nc expansion, ...)

There are some attempts to calculate them using lattice (Blum, Hayakawa-Blum-
Izubuchi-Yamada, Aubin-Blum, . . . ), but still suffering from large systematic
uncertainties.
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Light-by-light contribution

Modern procedure to compute the light-by-light contribution: (Melnikov and
Vainshtein, ...)

1. First, use the large Nc expansion to find that the leading contribution is
the pion pole contribution.

.

.

2. Choose the momentum-dependence of the πγγ coupling (form factor)
in such a way that it is consistent with a constraint from QCD (OPE) at the
momentum region q21 ∼ q22 À q23. Integrate over the loop momenta.

3. Repeat the above also for η, η′, a1, . . .. Basically that’s all for the LO in
1/Nc.

As for NLO in 1/Nc, there is more model dependence concerning which
diagram is important.
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Recent Evaluations of ahad,LO
µ

680 690 700 710 720
aµ

had,LO× 1010

Eidelman &  Jegerlehner (95)
Adel &  Yndurain (95)
Brown &  Worstell (96)
Alemany et al. (97) (e+e–)
Alemany et al. (97) (e+e–, τ� )
Davier &  Hocker (97)
Davier &  Hocker (98)
Eidelman &  Jegerlehner (98)
Narison (01)
Jegerlehner (01)

�

de Troconiz 
�

&  Yndurain (01)
Cvetic et al. (01)
Cvetic et al. (01)

New CMD-2 π� +π� – data introduced
DEHZ (03) (τ� )
DEHZ (02) (e+e–)
HMNT (02) (excl.)
HMNT (02) (incl.)
Jegerlehner (02)

�

New CMD-2 π� +π� – re-analysed data
Jegerlehner (03)

�

DEHZ (03) (τ� )
DEHZ (03) (e+e–)
HMNT (03) (excl.)
HMNT (03) (incl.)

X e+e−-based evaluations
— convergent

× Diff. between e+e−-based and
τ -based evaluations
— must be explained!
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Solution to e+e− vs τ puzzle? (1)

Recently, a possible solution to the e+e− vs τ puzzle was proposed by Benayoun
et al (arXiv:0711.4482).
Key observation: Dynamical (i.e. s-dependent) mixing:
The mixing among ρ0

I, ωI and φI (where I stands for “ideal” (i.e. φI ∼ ss̄,
ωI ∼ (uū+ dd̄), ...)) is naturally generated e.g. from 1-loop diagrams like

.

.

ρ0
I

ωI

q K+

K−

which depends on s(≡ q2). Hence the mixing matrix is also s-dependent:




ρ0

ω
φ


 = R(s)




ρ0
I

ωI

φI


 ,

(The matrix R(s) is an important input when converting the information from τ
decays into e+e−. Very schematically, “ρ± → ρ0

I → ρ0”.)
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Solution to e+e− vs τ puzzle? (2)

Before Beyanoun et al:
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SND
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CMD
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s   (GeV2)

(|F
π|2 [e

e]
 –

 |F
π|2 [τ

])
 / |F

π|2 [τ
]

(from M. Davier, hep-ph/0701163)

After Benayoun et al:

(from Benayoun et al, arXiv:0711.4482)
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Solution to e+e− vs τ puzzle? (3) — τ data vs fit

(figs taken from Benayoun et al, arXiv:0711.4482)

No consistency problem between the e+e− and τ data any longer
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Evaluating ahad,LO
µ

The diagram to be evaluated:

�

�

�

�

had.

µ

pQCD not useful. Use the dispersion
relation and the optical theorem.

.

.

.

.

had.

=
∫

ds

π(s−q2)
Im

had.

2 Im

had.

=
∑

dΦ

∫ 2

had.

ahad,LO
µ =

m2
µ

12π3

∫ ∞

sth

ds
1
s
K̂(s)σhad(s)

• Weight function K̂(s)/s = O(1)/s
=⇒ Lower energies more important
• We have to rely on exp. data for
σhad(s) =⇒ Good data crucial
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• We have to use a large number
(>80) of data sets =⇒ Statistically
correct treatment/combination of data
sets important
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How to Combine data sets — “Clustering”

1. We model the true value of R by a piecewise-constant
Rm within a Cluster of a given (min.) size.

2. Construct the χ2 function as

χ2(Rm, fk) =
#ofexp.∑

k=1

(
1− fk

dfk

)2

+
#ofClus.∑

m=1

N{k,m}∑

i=1

(
R
{k,m}
i − fkRm

dR
{k,m}
i

)2

from the raw data R
{k,m}
i ± dR

{k,m}
i and the

normalization uncertainty of the k-th exp dfk.

3. Minimize it w. r. t. Rm and fk.

ω

ρ

√
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Combining data sets (“Clustering”) — Toy Example

Suppose we have two data sets — one good (green), the other poor (blue)

∆ = 5 MeV, 16 clusters

χ� 2 
min/d.o.f. = 0.02

�

a� µ = (0.90 ± 0.27) ⋅ 10 -10

√
�

s (GeV)

σ 
(n
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If we are to integrate over the raw data,
the result would be like this — we are:
• overestimating the error
• overestimating the mean (in this case)

∆ = 50 MeV, 9 clusters

χ� 2 
min/d.o.f. = 0.61

�

a� µ = (0.65 ± 0.10) ⋅ 10 -10

√
�

s (GeV)

σ 
(n
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We should average over nearby data
points (“clustering”)
Advantages
• overall normalization uncertainty of
the poor data set fixed by the good one
• combining effect (N times data in
one bin =⇒ error reduced by a factor of
1/
√
N)
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Clustering — Real Data (e+e− → π+π−)
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π+π−: by far the most important channel — 73 % of total ahad,LO
µ
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Comments on the KLOE data

KLOE
CMD-2

red (dark) band: new fit incl. KLOE
orange (light) band: HMNT03
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New data of the pion
form factor appeared from
KLOE (hep-ex/0407048) using
e+e− → π+π−γ

X Good quality data (small
error)

× Inconsistent shape with
CMD-2 ←− not yet
understood why

We (HMNT) combined them
only after integrating over the
e+e− data and the KLOE data
separately.
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Clustering — More “Difficult” Channels (e.g. e+e− → 4π)
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2π+2π− and π+π−2π0: χ2
min/d.o.f not good (2.00 and 1.28) — we have

inflated the error by a factor of
√
χ2

min/d.o.f
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Our Evaluation of ahad,LO
µ and Breakdown

energy range (GeV) ahad,LO
µ × 1010 comments

mπ . . . 0.32 2.49± 0.05 chiral PT
0.32 . . . 1.43 602.03± 3.19 sum of exclusive data
1.43 . . . 2.00 32.05± 2.43 inclusive measurements
2.00 . . . 11.09 42.75± 1.08 inclusive measurements
J/ψ and ψ(2S) 7.90± 0.16 narrow width approx.

Υ(1S − 6S) 0.10± 0.00 narrow width approx.
11.09 . . .∞ 2.11± 0.00 pQCD∑

of all 689.44± 4.17exp

F The sum is dominated by the contribution from low energies,
√
s<∼ 1.4GeV.

(Roughly 600 out of 700)

F ahad, NLO
µ can be evaluated similarly. Our result: ahad, NLO

µ = (−9.79± 0.09)×
10−10.
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ahad,LO
µ combined with the other contributions to aSM

µ

160 170 180 190 200 210

aµ
SM × 1010 – 11659000

DEHZ (03) (e+e–)

HMNT (03b)

GJ (04)

TY (05)

including new π+π– data (CMD-2, KLOE, SND)

HMNT (06)

experiment

BNL

HMNT, hep-ph/0611102

• Our results: consistent with previous results with smaller error
X δaµ ≡ aexp

µ −aSM
µ = (27.6±8.1)×10−10: 3.4σ discrepancy
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SUSY Contributions?

Is the 3.4σ deviation due to SUSY?

Dominant SUSY contributions:

�

�

�

�

�

which is, very roughly, given by

aSUSY
µ = (sgn µ)

α(MZ)
8π sin2 θW

m2
µ

m̃2
tanβ,

where m̃ is the SUSY scale.

Numerically,

aSUSY
µ =(sgnµ)× 13× 10−10

×
(

100GeV
m̃

)2

tanβ

In order for this to be 11.4 ≤ aSUSY
µ ×

1010 ≤ 43.8 (2 σ range),

m̃ = 170− 760 GeV

for tanβ = 10− 50. (Rough estimates)
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Impact on mSUGRA Parameter Space (Example)
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Summary

X The largest uncertainty in aµ: still from the LO hadronic contribution.

F Our results: 3.4 σ deviation from experiment. =⇒ SUSY contribution?

F According to the paper by Benayoun et al, the consistency problem between
the e+e− and τ data is no longer observed, which supports our results based on
the e+e− data.

I Waiting for new precise data from the radiative return at BaBar and Belle in
multi-pion channels.

I New data on the pion form factor appeared from KLOE, but there is some
inconsistency in shape with CMD-2 and SND data, which is yet to be understood.

I proposal at BNL (E969): If approved, a factor of 2.5 (or more) improvement
expected.

I planned measurement of aµ at J-PARC: a factor of 4 − 6 improvement
expected.


